A correlation function is derived for interface roughness in lateral superlattices realized in corrugated quantum wells. It is given by a sinusoidal function with an exponential decay in the direction of the superlattice. Its validity is examined by a model in one dimension. The anisotropic conductivity is calculated by solving the Boltzmann transport equation exactly in the absence of a magnetic field and in a self-consistent Born approximation in high magnetic fields.
§1. Introduction
Recently, a new periodic quantum-wire array was formed during growth of a GaAs/AlAs heterointerface on GaAs (775)B substrate by molecular beam epitaxy.
1−5)
Under suitable growth condition, a zigzag heterointerface comes into being instead of a flat plane. It is considered as an ideal structure for the study of transport properties of the periodically modulated two-dimensional (2D) electron gas, since it possesses a good interface quality and a period much shorter than conventional lateral superlattices. The purpose of this paper is to elucidate effects of disorder in the corrugation on the transport in both absence and presence of a magnetic field.
Transport experiments were started quite recently and high anisotropy of the electron mobility has been observed. 5, 6) Experiments show that the longitudinal mobility parallel to the quantum-wire direction is much larger than the transverse mobility. A possible origin of anisotropic conductivity is the anisotropic effective mass. In fact the mass anisotropy is a dominant origin of the anisotropic conductivity, for example, in bulk Si or Ge, 7) and in Si metal-oxide-semiconductor structures at the (110) interface. 8, 9) In the present system, however, the calculation gives an almost circular and isotropic Fermi line for the usual electron density and therefore the mass anisotropy cannot give rise to considerable effects on the electron mobility.
10)
Anisotropic conductivity has been observed also in systems with an isotropic mass. A large anisotropy was found in the electron conductivity of an Al x Ga 1−x As /GaAs heterostructure on a (001) substrate, 11, 12) in a grid-inserted quantum well with a thin AlAs layer deposited in the well region, 13) and in an AlAs/GaAs fractional layer superlattice. 14) Anisotropic transport was studied for electrons in heterostructures with a periodic interface corrugation on a (311)B GaAs substrate and for holes on a (311)A. 15−19) A periodic corrugation was shown to be formed and a large anisotropic mobility was observed also on vicinal (111)B GaAs. 20−22) Anisotropy in optical properties was observed in quantum-wire arrays 23) and in grid-inserted quantum wells.
24)
A mobility anisotropy originating from anisotropic interface roughness 11) and from nearly straight chainlike potential were studied theoretically.
12) Anisotropic transport in systems with lateral superlattice potential with randomness was discussed within a model correlation function assumed somewhat arbitrarily. 25, 26) A Boltzmann transport equation was solved exactly for anisotropic scatterers and their effects on anisotropic transport were discussed. 27) Effects of anisotropy on weak-localization correction to the conductivity were also discussed. 28, 29) In this paper, we shall study anisotropic transport in dense quantum-wire arrays made of corrugated quantum wells. In §2 a correlation function of the corrugation with small fluctuations is obtained analytically. In §3 the conductivity tensor is calculated by solving a Boltzmann transport equation and compared with approximate results. In §4 the conductivity is calculated in high magnetic fields. The results are summarized in §5. In Appendix A a model of corrugations with some disorder is assumed and the correlation function is calculated explicitly for the purpose of a demonstration of the validity of the analytic expression. §2.
Fluctuations of Corrugations
We shall consider a quantum-wire arrays on GaAs (775)B as described in Fig. 1 . The bottom flat heterointerface is chosen as the xy plane (z = 0), a quasi periodic corrugation ∆(r) is in the x direction, and therefore, the quantum-wire direction is in the y direction. In an ideal case the corrugation is perfectly periodic and therefore can be expanded into Fourier series:
where a is the period of the corrugation, ∆ n is the Fourier coefficients, and n is an integer. We have
2) where the origin x = 0 is chosen at a valley of the corrugation and x = a 1 at the peak or ridge position. As described in Fig. 1 , a = a 1 +a 2 is the period, d 1 We consider the situation that the period a exhibits a fluctuation whose amount is much smaller than the period itself, i.e., α j (y)/a 1, where a+ α j (y) denotes the period of the jth cell at y. We assume further that there is approximately no correlation between α j (y) of different j and also that α j (y) varies slowly in the y direction. Let ξ j (y) be the x coordinate of the valley of the jth cell for y. Then, we have
This means that ξ j (y) exhibits a fluctuation varying slowly in the y direction but the amount of the fluctuation itself is larger than a for j 1, i.e., [ξ j (y)− ξ j (y) ] 2 1/2 > a, where · · · denotes a sample average. The situation is illustrated schematically in Fig. 2 .
In the jth period, we can expand the corrugation into the Fourier series,
, and ∆ n (r) ≡ ∆ n (j, y) is the Fourier coefficient of the corrugation which varies slowly in the y direction. We should note that |x − ξ(r)| < ∼ a, and therefore, we can safely neglect the fluctuation in the period, i.e., the term proportional to α(r)/a inside the bracket.
Except for the term with n = 0, the Fourier coefficient ∆ n has a nonzero average and its fluctuation is much smaller than the average for small randomness. Therefore, we can neglect the dependence of ∆ n on the position for n = 0, i.e.,
It is clear that the average of the corrugation vanishes, i.e., ∆(r) = 0. The correlation function becomes
(2.7) There is essentially no correlation between ∆ 0 (r) and ξ(r ) and therefore the cross terms with n = 0 and n = 0 or n = 0 and n = 0 in the above equation all vanish identically. Further, ξ(r ) itself and its spatial variation ξ(r) − ξ(r ) are essentially independent and therefore after the average over ξ(r ) the terms with n = n vanish identically. Consequently, the correlation function becomes
(2.8) For a slowly-varying fluctuation of the corrugation in the y direction, we have (2.9) where ∇ y ξ is the local tilt angle of the corrugation, as shown in Fig. 2 . Let N be an integer giving the total number of corrugations present between the point (x , y ) and (x, y ). Then, we have
10) where a+α j is the period of the jth corrugation starting from x corresponding to j = 0.
Let α be the fluctuation of the period, i.e.,
In the limit of small α, we have to the lowest order in α/a
(2.13) The last approximate equality holds for |x− x | > ∼ a. In the case of weak fluctuations α/a 1, however, we have −(1/2)(2πn/a) 2 α 2 |x − x |/a 1 for |x − x | < ∼ a except for extremely large n. Because terms with large n can usually be neglected, the above can be used for the whole range of |x−x |. Therefore, we have
(2.14) The above derivation shows that the results so far are valid for any distributions of α j as long as α/a 1.
We consider the situation that ∇ y ξ exhibits a Gaussian distribution and let
be the fluctuation of the tilt angle. Then, we have
The correlation function becomes
(2.17)
Next, we consider ∆ 0 (r)∆ 0 (r ) in the case that the average interface position of a corrugation period fluctuates independently from each other. In this case, ∆ 0 (r)∆ 0 (r ) vanishes when r and r belong to different corrugations and becomes ∆ 2 0 when they belong to the same corrugation. Further, there is essentially no correlation between ∇ y ξ and ∆ 0 (y). Then, we have
18) with
In terms of the Fourier transform
we have
For the Gaussian distribution of ∇ y ξ, we have
Assuming a conventional Gaussian distribution 25) we have the following final expression
(2.26) It is straightforward to make extension toward the case in which there is some correlation between the average corrugations of neighboring periods. For example, we can add a term with a conventional Gaussian form
depending on the type of fluctuations of the corrugation, where obviously λ x > a and λ y > a. Effects of such a term in the anisotropic transport have been studied in previous works 11, 13, 15, 27) and therefore will not be discussed in the following. The full expression of the correlation function is
(2.28)
The most important feature of the correlation function is the exponential decay in the x direction and that the decay rate is determined by the amount of fluctuations in the period. The correlation function is characterized by four parameters α, ∇ξ, ∆ 0 , and λ. They are summarized as follows: α : fluctuations of the corrugation period ∇ξ : fluctuations of the local quantum-wire direction ∆ 0 : fluctuations of the height of the corrugation averaged locally λ : correlation length of the fluctuations of the height of the corrugation averaged locally in the quantum-wire direction (the correlation length is of the order of a in the perpendicular direction) This expression is different from a simplified approximate expression 
Then, we have
(2.31) In a simple one-dimensional model, i.e., for y = y , we have 32) by integrating out the above expression over q y .
In the case of the present corrugation, the tilt angle θ 1 and θ 2 are determined by the microfacets appearing during the growth process. However, the height of the peak and valley of the corrugation is likely to vary almost at random between neighboring corrugations. The situation is illustrated in Fig. 3 . For such a random fluctuation of the bottom and peak heights ∆z = z 2 , we have
(2.33)
In Appendix A, we shall explicitly calculate the correlation function numerically within such a model in one dimension. The analytic correlation function obtained above turns out to reproduce the numerical results quite well except that the amount of fluctuations of the period can be larger than the above expression for a given ∆z = z 2 . Therefore, we shall increase the fluctuation by introducing a constant factor β such that
In the following we shall use correlation functions with these parameters for explicit numerical calculations of the conductivity. ]. An important feature is the presence of a large Bragg peak at (±2π/a, 0) broadened in the q x direction by a Lorentzian function corresponding to the exponential decay in the real space. In the q y direction the correlation is essentially given by a Gaussian function, but its actual form varies as a function of q x . By changing the four parameters we can actually simulate various cases from those with a Bragg peak at (±2π/a, 0) much higher than the peak at the origin to those with negligible Bragg peaks. The addition of eq. (2.27) may increase the freedom considerably. §3. Anisotropic Conductivity
The Boltzmann transport equation for the distribu-
where V k k is the matrix element of scattering potential.
To the lowest order in the applied electric field E, we have
where v k is the velocity, f 0 (ε k ) is the Fermi distribution function, ε k =h 2 k 2 /2m with m being the effective mass, and g k is proportional to E. The transport equation is rewritten as
In the present quantum-well system, the effective potential was shown to take the form as
with
where ζ(z) is the wavefunction of the ground state in an ideal quantum well with widthd = (d 1 +d 2 )/2 and V 0 is the height of the barrier potential. 30, 31, 10) Note that
where E 0 (d) is the energy of the lowest subband in the quantum well with widthd. In a single heterostructure, F eff is the effective field at the interface approximately given by
where κ is the static dielectric constant, n is the electron concentration per unit area, and n depl is the concentration of charges in the depletion layer.
32−35)
It is sufficient to consider only the case that the electric field is in two principal directions x and y, because the conductivity tensor in a field with an arbitrary direction can be obtained by a simple coordinate transformation. Define g x k and g y k as g k for the field in the x and y directions, respectively. The corresponding conducitivity will be denoted by σ xx and σ yy . We shall first consider the case E = (E, 0). Define the relaxation 9) and h
Then, the transport equation is written as
There are various ways to solve this equation exactly for anisotropic scattering. [36] [37] [38] 11) In this paper, it is solved by a simple iteration starting with h x k = v x k in the right hand side. The number of iterations can become quite large when the diffuse Bragg peak starts to make an appreciable contribution to the scattering, but the calculation is quite straightforward and requires only a short CPU time.
A conventional way to obtain an approximate solution is to assume 12) with the average relaxation time τ defined by
where D(ε) is the density of states without spin and valley degeneracy. This approximation is known to give a lower bound of the conductivity due to a variational principle. Multiplying v x k and taking the average over the direction of k, we have 14) with v k = |v k |. Similar equations can be obtained for g y k , h y k , and τ y . In explicit numerical calculations the conductivity will be measured in units of ne 2 τ 0 /m, where τ 0 is the average relaxation time in the limit of small k F such that k F a/π 1. Figure 5 shows calculated conductivity in the x and y direction as a function of the Fermi wave vector k F obtained by an exact solution of the Boltzmann equation. With the increase of k F the conductivity in the y direction parallel to quantum wires increases drastically, while that in the perpendicular x direction exhibits much smaller increase. Such k F dependence is a result of the reduction in the backscattering intensity because of the slowly varying random potential. When k F becomes close to π/a, diffuse Bragg scattering with wave vector around (±2π/a, 0) starts to play dominant roles. As a result, the conductivity in the x direction drops down considerably. It is interesting that the conductivity in the y direction exhibits also an appreciable decrease.
The figure contains the average relaxation time τ defined in eq. (3.13). The conductivity in the x direction is similar to the simplest expression σ = ne 2 τ/m while that in the y direction is not. The figure contains also the result obtained by the approximation discussed above. The approximation seems to work reasonably well for the conductivity in both directions. Note that the anisotropy is sensitive to the parameter ∇ξ (fluctuations in the tilt angle) and becomes larger with the decrease of ∇ξ. Figure 6 shows some examples of the Boltzmann distribution function obtained numerically as a function of angle θ defined by k x = k F cos θ and k y = k F sin θ. When k F ∼ π/a, the distribution function deviates from the simple sinusoidal function [see eq. (3.12), for example] expected for isotropic cases. The deviation is particularly evident for g x k . In fact, the maximum at θ = 0 (and also at θ = π) for small k F turns into a dip when ak F /2π > ∼ 0.4 and the dip splits into two when ak F > 0.5, due to the diffuse Bragg scattering corresponding to ∆k x ∼ 2π/a and ∆k y ∼ 0 where ∆k is the momentum transfer of scattering. This Bragg scattering is most effective when ak F /2π is slightly larger than 1/2, which is clear also in Fig. 5 . The Bragg scattering affects also the distribution function g y k considerably, although a prominent peak (suppressed from a sinusoidal function) is present at θ = π/2 (also at θ = 3π/2). It is quite surprising that the simple approximation gives a conductivity not so different from the exact result even if the distribution function is completely different. The reason presumably lies in the variational principle as mentioned above.
Experimentally, the well-width dependence of the electron mobility and its anisotropy were measured in corrugated quantum wells with a = 12 nm.
5) The lowtemperature mobility exhibits a dependence on the well width roughly proportional to F 2 eff in particular for systems with smalld where F eff is given by eq. (3.6). This is consistent with the fact that the dominant scattering mechanism is the corrugation. However, the mobility anisotropy seems to vary as a function of the well width in a somewhat irregular manner, i.e., µ y /µ x = 5.4 for d = 10 nm, 9.0 ford = 7 nm, 71 for5 nm, and 27 ford = 4 nm, where µ x and µ y are the mobilities in the x and y directions, respectively.
We have ak F /2π ≈ 0.2 ford = 4 nm, 0.25 ford = 5 nm, 0.28 ford = 7 nm, and 0.3 ford = 10 nm. Therefore, the large anisotropy ratios 27 and 71 ford = 4 nm and 5 nm, respectively, are consistent with the result shown in Fig. 5 . However, the reduction of the ratio for wider quantum wells cannot be explained, suggesting that other more isotropic scattering mechanisms are important there. A quantitative comparison may be possible if we assume other scattering mechanisms such as ionized donors and interface roughness at the bottom barrier with proper screening effect. This requires precise knowledge of scatterers and is left for a future study.
The dependence of the anisotropic mobility of the electron concentration was calculated previously in a model correlation function given by eq. (2.29) in gridinserted quantum wells.
26) The results showed a considerable reduction of the conductivity in the perpendicular direction around ak F /2π ∼ 1/2. The qualitative behavior of the reduction itself is essentially independent of details of the correlation function as long as it has considerable Bragg peaks at (±2π/a, 0).
§4. High Magnetic Fields
In a high magnetic field with strength H, the broadening of the Landau level with index N (N = 0, 1, . . .) is given in a self-consistent Born approximation 39) by
where
with l being the magnetic length defined by l 2 = ch/eH and L N (x) being the Laguerre polynomial. The extension of the general theory of quantum transport to the case of anisotropic scatterers is straightforward.
40) The diagonal conductivity is given by
3) where E N is the energy of Landau level N and
The conductivity σ yy is obtained by replacement of
The anisotropy of scattering does not have appreciable influence on the Hall conductivity σ xy = −σ yx ≈ −1/nec. In the short-range case a/l 1, we can replace D(q) by D(0) and have
This gives a peak value of the diagonal conductivity dependent only on universal quantities apart from the Landau-level index N . Figure 7 shows some examples of the peak value of the conductivity and broadening of the lowest Landau level as a function of the magnetic field (l/a) 2 . The broadening is essentially independent of the field. The diagonal conductivity in the direction parallel to the quantum-wire direction increases or remains almost same with the increase of the field, while that in the perpendicular direction decreases drastically with the field. When the magnetic length becomes comparable to or larger than the array period, the anisotropy becomes considerable. The reason is that the scattering corresponding to the momentum transfer (±2π/a, 0) mainly causes the diffusion of the center coordinate in the direction parallel to the wire direction but not in the perpendicular direction. This large difference in the diffusion constant is the origin of the anisotropic conductivity in high magnetic fields.
41,39)
A large anisotropy in high magnetic fields was observed experimentally.
6) For (a/l) 2 ∼ 4 experiments show anisotropy σ yy /σ xx ∼ 30, which is consistent with the present result shown in Fig. 7 . For a quantitative comparison, effects of other scattering mechanisms such as donors and their screening determined self-consistently should also be considered. 33, 42, 43) Further, experimental study on the dependence on various parameters such as the electron concentration and the quantum-well width is highly expected. §5.
Summary and Conclusion
In summary, a correlation function has been derived for interface roughness in lateral superlattices realized in corrugated quantum wells. It has been given by a sinusoidal function with an exponential decay in the direction of the superlattice. Its validity has been examined by a model in one dimension. The anisotropic conductivity has been calculated by solving the Boltzmann transport equation exactly in the absence of a magnetic field and in a self-consistent Born approximation in high magnetic fields. When other scattering mechanisms are neglected, corrugations with small fluctuations in the period and in the local direction give rise to large anisotropy in both presence and absence of a magnetic field.
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Appendix A: One-Dimensional Models
In this appendix a correlation function is calculated for a model one-dimensional corrugation explicitly. We assume that the tilt angles of the corrugation, θ 1 and θ 2 in Fig. 1 , are fixed because they are determined by the crystal plane which forms most easily in the epitaxial growth process. A small randomness is introduced in a 1 and a 2 and therefore in the period a = a 1 +a 2 .
One way to realize this is to assume that the height and depth of the corrugation fluctuate at random with a Gaussian distribution with width ∆z around the average values and determine the form of a random corrugation accordingly as illustrated in Fig. 3 . It is possible to introduce fluctuations in a 1 and a 2 directly. Therefore, we shall combine these cases by introducing a parameter p such that p represents the probability of the fluctuation being determined by fluctuation (a 1 /a)∆a in a 1 and (a 2 /a)∆a in a 2 and 1−p the probability of the fluctuation determined by that of the top and bottom height of the corrugation ∆z. Note that it is quite unrealistic that the x coordinate of the peak and valley positions is distributed around its mean position. Figure 8 shows some examples of the correlation function of the corrugated interface obtained in this model. For p = 0, i.e., when the randomness is determined by that of the peak and valley heights, ∆z, the largest peak is at 2π/a followed by a small peak at 4π/a. The intensity ratio of these Bragg peaks is well explained by eq. (2.32) with |∆ n | 2 given in eq. (2.2). The fundamental Bragg peak has a long tail in the long-wavelength region where the correlation function is almost independent of the wave vector. With the increase of p, the randomness in the average interface position becomes larger than that specified by ∆z and a peak starts to grow at q = 0. For p = 1, in particular, D(0) becomes extremely large. Figure 9 shows an example of actual corrugation for p = 0 and p = 1. When p = 1, the average height itself has a large fluctuation and also the correlation function decays very slowly with the distance. This behavior is responsible to the sharp peak at q = 0 mentioned above. Actual systems are not likely to have such a large fluctuations in the average height because of the epitaxial growth and therefore the results for large p are unrealistic. It is clear that the correlation for small p can be expressed by the analytic expression (2.32) quite well by an appropriate choice of the parameters. 
